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Motivations

B Simulation of earthquake scenarios
near coastal environments

B Coupling of elastic and acoustic
wave propagation
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Requirements on the numerical scheme
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B Efficiency

.
Goal

B Numerical treatment based on
polyhedral meshes

B The dG method supports high-order
polynomials on such meshes
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Our contribution

B Well-posedness of the coupled problem in the continuous setting
B Detailed analysis of a dG scheme on general polytopic meshes
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The elasto-acoustic problem

Governing equations

petl + 2peCtt 4 peCiu —divo(u) = fo  in Qe x (0, T,
o(u) —Ce(u) =0 in Qe x (0,77,
u=0 onTep x (07T]7
‘ o(u)ne = —papne onT x (0,77,
u(0) = ug, w(0) =uy in Qe,
c2p—Np = fa in Q4 x (0,77,
p=0 onT,p x (0,77,

0p/ong = —tung onTy x (0,77,
©(0) = w0, ¢(0) =1 in Qg

i

m The fluid exerts a pressure on the solid at the
interface

® The normal component of the velocity is
continuous at the interface
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Well-posedness

Theorem (Existence and uniqueness)
Under suitable regularity hypotheses on initial data and source terms,
there is a unique strong solution s.t.
u e C2([0, T]; L*(Q)) 1 CL([0, T]; Hp () 0 CO([0, T]; HE () 0 Hp (),
¢ € C*([0,T]; L*(QW)) n CH([0, T]; Hp () n CO([0, T]; H () N Hp (),

HE () = {v e L*(Q) : div Ce(v) € L3 (Q)},
H?(Q4) = {v e L?(Q) : Av e L2 ()}
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Well-posedness

Theorem (Existence and uniqueness)
Under suitable regularity hypotheses on initial data and source terms,
there is a unique strong solution s.t.
u e C2([0,T]; L2(Q)) n CH([0, T]; Hb () n CO([0, T); HE () n Hb(R2)),
¢ € C*([0,T]; L*(QW)) n CH([0, T]; Hp () n CO([0, T]; H () N Hp (),

HE () = {v e L*(Q) : div Ce(v) € L3 (Q)},
H?(Q4) = {v e L?(Q) : Av e L2 ()}

Apply Hille-Yosida upon rewriting the system as

%(t) + AU(t) = F(t), te (0,T],
U() =Uo

F. Bonaldi JEF 2018 22 mars 2018 4/16



Meshes and spaces

B Nonconforming polyhedral mesh 7, = 7, u T,

B Arbitrary number of faces per element
B Possible presence of degenerating faces

[Cangiani et al., 2017], [Antonietti et al., 2017]

Discrete spaces

Vil = {on € (@) s vnje € [Zpe o (0)]" VR € T,
Vi ={¢ne L*(Q0) : Vhix € Ppa.. () VEE T}
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Semi-discrete problem

Find (un, on) € C2([0,T); Vi) x C2([0,T]; V%) s.t.,
for all (vn,¥n) € Vie x Vi,

(peitn(t), ), + (¢*pa@n(t), ¥n)a,
+ (2peCun(t), vn)a, + (peC*un(t), vn)a.
+ A5 (un(t), vn) + Ak (@n(t), ¥n)
+ I (@n(t), vn) + Iy (n(t), ¥n)
= (fe(t),vn)a. + (fa(t), ¥n)a,
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Semi-discrete problem

Find (un, ¢n) € C%([0,T]; V;¢) x C%([0,T]; V;%) s.t.,
for all (vn,¥n) € Vie x Vi,

(peitn(t),vn)a, + (¢ 2pa@n(t), ¥n)a,
+ (2peCun(t), vn)a, + (peC*un(t), vn)a.
+ A5 (un(t), vn) + Ak (@n(t), ¥n)
+ 5, (& (t), vn) + Iy, (wn(t), ¥n)
= (fe(t),vn)a. + (fa(t), ¥n)a,

For sufficiently large stabilization parameters,

I(un @), n()le s [(wr(0), vn(0))]e + j:(\lfe(T)HQE + [ fa(r)l,) d7
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Error estimate

Energy error estimate

If (u,p) € C2([0, T]; H™(Qe)) x C2([0,T]; H*(Qa)), With m = p. + 1 and n = p, + 1,
and if stabilization parameters are sufficiently large,

h2Pe
sup [ (ec(t), ea(®)} < s swp (li + (e
e ec(t)ealtDIE S g sup_ (I6Ol0, + [l )

T
. jo (la@®IZ, a0, + 12O 0, + [w®)lZ.q,) dt)

h2Pa

R su t + t
s (temp (I6@I2 0, + le®IZ q,)

T
+ [ (180 0, + 160 0, + 1e0)0,) dt)

4

Optimal in h, suboptimal in p by a factor 1/2
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Numerical example |

We solve the elasto-acoustic problem on Q. U Q,, for T = 1, At = 10~*, for a
homogeneous isotropic elastic material, such that

u(z,y;t) = z° cos(v/2nt) cos (gw) sin(my) u,

o(x,y; t) = 2” sin(v2nt) sin(rz) sin(7y),
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Numerical example |
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Figure: |u — up ag,e and [l¢ — @nldag,q V. h (left) and p (right) at T = 1
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Numerical example |l

-1 T

Test case 2 [Ménkdla, 2016]

We solve the elasto-acoustic problem on Q. U Q,, for T = 0.8, At = 10~%, for a
homogeneous isotropic elastic material, such that

dmrx Ax
Y t) = (*) ( ) (47t),
u(z, y; t) (COb o cos . cos(4m /\+2M
o(z,y;t) = sin(4drz) sin(4nt),
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Numerical example |l
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Figure: |u — up|lag,e and [¢ — ¢pllac,q vs. h (left) and p (right) at T = 0.8
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Physical example

2
t— —2ma (1 — 2ma(t — to)z) e~malt—tg)

Physical example

We simulate a seismic source in the acoustic domain by a point-wise source:
fal@,t) = —2ma (1 — 2ma(t — to)?) e ™~ 5(x — @0), @0 € Qa, to € (0,7,

@o = (0.2,0.5), to =0.1
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Physical example

t = Ju(z,y;t)|2 and t — [o(z,y; 1)
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Conclusions & perspectives

B We proved that the elasto-acoustic problem is well-posed in the continuous setting

B We proved and numerically validated hp-convergence results for a discontinuous
Galerkin method on polyhedral meshes

B We used the method to simulate an example of physical interest
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Conclusions & perspectives

Conclusions

B We proved that the elasto-acoustic problem is well-posed in the continuous setting

B We proved and numerically validated hp-convergence results for a discontinuous
Galerkin method on polyhedral meshes

B We used the method to simulate an example of physical interest

B Carrying out numerical computations in a 3D setting, using the code SPEED
(http://speed.mox.polimi.it/)

B Considering the case of totally absorbing boundary conditions
B Deducing error estimates for the fully discrete problem

B Consider the more general case of a viscoelastic material response:
t oC
o(u(®,t);t) = C(z,0)e(u(z, 1)) — f 5 Bt = s)e(ule, 8))ds

0 S
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Application of Hille—Yosida
Letw =wu, ¢ = p,and U = (u,w, ¢, $). We introduce
H=H5(Qe) x LE(Qe) x H5 () x L2 (),
with scalar product
(U, U) = (peCPur, u2)q, + (Ce(ur),e(u2))q,
+ (pewr, wa)a, + (pa V1, V2)a, + (¢ padi, d2)a, -
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Application of Hille—Yosida
Letw =wu, ¢ = p,and U = (u,w, ¢, $). We introduce
H=H5(Qe) x LE(Qe) x H5 () x L2 (),
with scalar product
(U, Ua)m = (peCPur,uz)a, + (Ce(ur),e(uz))qg,
+ (pewr, w2)a, + (Pa Vi1, Vo2)a, + (¢ 2pad1, d2)a, -
Then, we define the operator A: D(A) c H — H by
AU = (—w, 2w + ¢*u — p div Ce(u), —¢, —c*Ayp) YU € D(A),
D(A) = {u eH:ue HY(Q), we HbH(Q), g€ H>(Q), ¢ € Hb(Q);

(Ce(u) + papI)ne =00nTL, (Vo+ w)-ng =00n FI}.
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Application of Hille—Yosida
Letw =wu, ¢ = p,and U = (u,w, ¢, $). We introduce
H=H5(Qe) x LE(Qe) x H5 () x L2 (),

with scalar product

(U, Ua)m = (peCPur,uz)a, + (Ce(ur),e(uz))qg,

+ (pewr, w2)a, + (Pa Vi1, Vo2)a, + (¢ 2pad1, d2)a, -

Then, we define the operator A: D(A) c H — H by

AU = (—w, 2w + ¢*u — p div Ce(u), —¢, —c*Ayp) YU € D(A),

D(A) = {u eH:ue HY(Q), we HbH(Q), g€ H>(Q), ¢ € Hb(Q);
(Ce(u) + papI)me =00nTy, (Ve + w)-ng =00n FI}.

Finally, let F = (0, pg * fe,0, 2 fa).

For F e C1([0, T]; H) and Uy € D(A),
find U € C1([0, T); H)CO([0,T]; D(A)) s.t.
au

E(t) + AU(t) = F(t), te(0,T],

U(0) = Uo.
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